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FR Froude number 
Re Reynolds number 
We Weber number 
Suspension Variables 
(j) Volume concentration 
Oj Size distribution index d 
d Mean diameter of particles 
Weight of nth screen cut of particles 
W^ Total weight of screen cuts 
Fluid and Suspension Properties 
Stokesian fluid coefficients 
^ "Rti T V i 
Ti Generalized viscosity 
p Density 
T Yield stress 
o 
V Newtonian viscosity 
V Kinecsatic viscosity 
Power law coefficient 
iv 
Flow and Force Equation 
Y Rate of deformation 
T Torque 
T Stress 
w Rotational velocity 
D Tube diameter 
F Body forces 
L Length 
Q Flow rate 
R. Tube radxus 
U,V Translational velocity 
V Volume 
Notation 
F Upper bar denotes a vector 
Lower bar denotes a tensor 
Ug Subscript f denotes fluid 
(j)^ Subscript m denotes maximum 
Vp Subscript p denotes particle 
Pg Subscript s denotes suspension 
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INTRODUCTION 
Although rheology, as a formai field of science, is relatively new, 
people have had to deal with theological problems for many centuries. 
Probably, the first applications of rheology were the fluid flow problems 
encountered in the irrigation of land and the supplying of water to the 
people. Undoubtedly, the first attempts at controlling the distribution 
were trial-and-error processes; but as experience was accumulated, set 
practices were probably prescribed. A realization of the interdependence 
of pressure, flow, and cross sectional area was evident as early as 1540 
B.C. as shown by the water clock. The Romans built aqueducts to move 
water; but ruins show that these were designed employing structural con­
siderations rather than hydraulic considerations. As time went on, obser­
vations became much more systematic and sophisticated. The quantitative 
nature or fluid flow started to emerge and the very beginnings of fluid 
mechanics as a subdivision of rheology were formed. 
Rheology is the science of deformation and flow of matter. Deforma­
tion is defined as an altering of shape or size due to an appropriate 
force system being applied. If the degree of deformation changes contin­
ually with time, the material is said to flow. The goal of rheology is 
prediction of the force system necessary to cause a given deformation or 
flow, or conversely, prediction of the deformation or flow resulting from 
the application of a given force system. 
This particular study falls into the rheological subclass, non-
Newtonian fluid mechanics. The primary goal of this area and of this 
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study is to determine the functional relation between stress and rate of 
strain, as described by equation 1, for the material under consideration, 
1 = IW (1) 
in this case, a liquid suspension of neutrally buoyant particles. This 
function can be quite simple or quite complex. The Stokesian fluid prob­
ably has the simplest general equation of state 
T = ao^ + otiY. + ct2Y. • X. (2) 
where the a's are scalar functions of the invariants of the rate of strain 
tensor y and the thermodynamic state of the material, with (xq = 0 when 
2=2" The Newtonian fluid is a special case of the Stokesian fluid in 
which g2 = Oi -0 ~ (K-2V!/3) and a_ = 2u or 
T_ = (K-2y/3)^ + 2yY. (3) 
These relations can be found in almost any standard rheology or fluid 
mechanics text (4, 17, 27, 29, 47, 55, 72). Many attempts have been made 
at finding a universal form of equation 1; a form that will be good for 
all substances in all regions of flow. To date, no universal form has 
been found, but probably the form most widely used, when normal stresses 
are insignificant, is the concept of the generalized Newtonian fluid. 
The form is 
2 = njy (4) 
where n represents a viscosity coefficient that can depend on X» 
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thermodynamic state. The goal of this approach is to find the form of ti. 
Again it is seen that with n replaced by y this is Newton's law of viscos­
ity for simple shear. For suspensions various forms have been used and 
will be presented in the literature survey. 
Interest in the flow around submerged objects and in the flow of 
suspensions dates back many centuries. Work in these areas was of a trial-
and-error nature until Stokes (70) mathematically described the fluid drag 
produced on a body submerged in a shear field. The mathematical state­
ment became known as Stokes'law. Although Stokes'work quantitatively 
described drag, it did little to predict the behavior of suspensions. In 
1906. Einstein (23) reported the first major step in the descriptions of 
suspensions. From the work of Stokes and Einstein, two separate, but re­
lated. fields arose: fluid drag as described by Stokes and rheology of 
suspensions introduced by Einstein. 
In recent years, the hydrodynamics of suspensions has become a study 
of great prominence. Much work has been accomplished and much more is 
being undertaken and still more is needed. Possible reasons for interest 
in this area are industrial applications such as handling and transport 
of solids and air and water pollution abatement and treatment. Another 
major area is the biomedical field where the need to relate engineering 
and medical knowledge to aid in understanding and preservir-g life, is a 
recent concern of doctors and engineers alike. 
This study concerned itself with the flow behavior of suspensions. 
Drag considerations must enter into any flow problem, but only an indirect 
interest was placed in formal drag considerations and no formal report is 
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made. The study approached the subject from an engineering viewpoint and 
used a macroscopic approach, a form of viscometry, to determine the prop­
erties of interest which are functions of suspension make-up and flow 
geometry. Specifically, the study dealt with the flow of neutrally buoy­
ant suspensions. The suspension make-up was adjusted within quite limited 
regions, thus a variety of suspensions were studied. Some of the vari­
ables involved were concentration, particle size, tube size, and size 
distribution. 
The goal of this project was to determine the functional relation 
between stress and rate of strain, or in other words to find or its 
inverse, for a suspension and to see what effect changes in the variables 
mentioned above have on the functional relation. The functional relation 
was obtained from plots of r versus y, as obtained through the Rabinowitsch 
method, and was found to be a combination of the power law and plastic 
models. This combination model contains three parameters tq, Kq, and n 
and therefore the results illustrate the effect of the variables on these 
parameters. 
Details of the analysis and model are given in later sections as are 




The literature in the sijspension field can be broadly classified as 
macroscopic or microscopic. The microscopic studies deal with the inter­
nal workings in a suspension or particle-liquid mixture and try to deter­
mine the origin of the various phenomena that macroscopic studies measure 
and observe. Another method of classification can be used; particle 
mechanics or dynamics and continuum mechanics of which rheology is a part. 
The particle dynamics approach concentrates on the forces acting on a 
single particle and the various types of motion these forces cause. For 
the most part, the rheological studies treat the suspension as a total 
fluid describing its behavior and using the insight gained by particle 
dynamics to answer the ever present question, why? Since, much of the 
work recorded is somewhat repetitious, only selected articles will be 
cited in this survey in order that the general picture of this study stay 
be presented. Although this study is a rheological work, studies on 
particle dynamics will be cited for completeness. 
Many times a good starting point is hard to find when beginning a 
survey. This is not the case in this survey; three excellent texts are 
available, each having extensive bibliographies. Happel and Brenner (33) 
is a mathematically concise discussion of particle dynamics with some 
sections devoted to the rheological behavior of suspensions. Most of the 
attention of this book is devoted to the creeping flow regime. Soo (68) 
treats the problem as a multiphase flow system and introduces the idea of 
fluidized beds as being related to suspensions. Soo has collected many 
correlations both empirical and semi-empirical and has presented them for 
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use by the reader. Although Soo's main thesis is multiphase flow, he 
does have sections on particle dynamics and particle sampling. 
Probably the easiest to read for a beginner in the field is Brodkey 
(16). Brodkey simply reviews the field for the reader, citing the main 
result of the studies reviewed. 
In this survey, a division of particle mechanics and rheology will 
be made and the works cited will be classified accordingly. Particle 
mechanics will be dealt with first. Happel and Brenner (33) develop the 
basic equations for the translational and rotational motion of an arbi­
trary particle in a fluid. 
P fdt " " " ""o 
'oft -
The various terms can be given as: 
% - Bo + " X (7) 
where is the velocity of any point p on the particle, is the trans-
lational velocity of point o, and w is the angular velocity of the particle 
acting through the moment arm from o to p, The forces and torques 
are given by 
Fg - PpVpg (8) 
Fb = - PjV^g (9) 
= /gpl, • ds (10) 
" /sp^ o • <•=' • 
For the ease where the trarsslational and rotational Reynolds numbers are 
small, Happel and Brenner present the following for the hydrodynamic force 
and torque 
F„ » - p(K • Û + c"^ • ÔT) (14) 
B — o —o 
T = - y(C *11 + 0 • to) , (15) 
D —o o —o 
K is a symmetric tensor which depends on the geometry of the particles. 
It is called the translational tensor, n is called the rotational ten-
—o 
sor. It is symmetric and depends on geometry and the choice of point o. 
is a coupling tensor; which relates the translational and roLatiouâl 
motions. It generally is not symmetric. For spheres the hydrodynamic 
force and tcrqisa is given by 
Fjj = - ySndU^  (16) 
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= - ylld^ (17) 
Another, but similar, look at the equation of motion for a single 
accelerating particle in a fluid was originally derived by Basset (5) and 
is discussed by Hinze (36) and Soo (68). The equation for slow flow in 
one direction is 
dU , 











The third and fourth terms on the left need some explanation. The third 
term is the force associated with accelerating the apparent mass of the 
particle relative to the fluid. The fourth term is the effect on viscous 
drag caused by the same relative acceleration. For steady state and no 
pressure gradient, equation 18 reduces to Stokes law, matching viscous 
forces and buoyance forces. 
Attempts have been made to solve the conservation equations and to 
describe particle paths. Jeffery and Pearson (40) used a perturbation 
technique on the velocity profile in the absence of particles. Perturba­
tion velocities were a function of Reynolds number and approached zero 
as the particle radius to tube radius approached zero. A numerical solu­
tion led to the following results. If the net gravitational effect was 
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in the same direction as the flow, the particle would migrate towards the 
wall of the tube; the converse was also true. Denson et al. (20) 
started with Newton's second law and by matching vector components were 
able to get expressions for the radial and axial components of motion as 
coupled ordinary differential equations. An analog computer was used to 
solve the equations. They found an effect similar to that found by 
Jeffrey and Pearson. Saffman (61) also found a transverse velocity but 
the order of magnitude did not agree with previous studies. He stated 
that the inertial terms had some contribution to the sidewise velocity 
but not enough to produce the motion observed. A controversy developed 
as to whether the motions were periodicals Bretherton (14), by using 
the so-called mirror-symmetry time-reversal theorem showed that the par­
ticles must move in a periodic fashion. All of the above cases have been 
for a single particle in a liquid. Happel and Brenner (33) have attempted 
to solve the system of flow equations when particle to particle and par­
ticle to wall interaction have been present. There are many more cases 
that could be listed here but the few mentioned above are typical samples 
and with their bibliographies provide a good basis for work in this area. 
While some investigators looked at the motion of the particle, 
others tried to determine the forces necessary to cause such motions. 
SrsTinsr and Kappsl (12) ussd ths method of ZcfIsctioiis to dstsrmins ths 
viscous drag, torqus, and pressure drop in excess of that due to 
Foiseuille flow. The results were 
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= 6nud {u^ (1-b^/R^) - U } {1 + f(b/R) • d/R + ...} (19) 
D im p 
T = snvid^ {U. (b/R) (d/R) - [U- (l-b^/R^)-U ] g(fa/R) • (d/R)^ + ...} (20) 
xm rm p 
Ap = (1-b^/R^) [U. (l-b^/R^)-U ] [1 + f (b/R) "d/R + ...] (21) 
e ^ z .f m p 
where f(b/R) and g(b/R) are functions of Bessel functions and can be re­
duced to power series giving 
f(b/R) = 2.1047 - 0.6977(b/R)^ + ... (22) 
g(b/R) - 1.296(b/R) + ... . (23) 
The method of reflections simply stated is a summation of partial solu­
tions, all of which solve the equations, but only partially fit the boun­
dary conditions. Another method, the method of stretched variablesj was 
developed by Proudman and Pearson (56). The method essentially solves 
the problem near the boundary of interest and with a suitable multipli­
cation of the variables by a stretching factor solves the problem away 
from the boundary and matches the solutions. In this particular case, 
Stokes' law was used near the boundary and Oseen's equation was solved 
using the stretched variables. The variables were related by the Reynolds 
number. Rubinow and Keller (60) used the method and got 
= 6nyd U [1+ I- Re + o (Re)] iJ p o 
(24) 
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F = n d^ofdi X  U ) [1 + o (Re)] (25) 
T = - 8nyd 01 [1 + o (Re)] . (26) 
Saffman (62) used a similar technique but the coefficient in the lift term 
was different. Others have used the method and have gotten results simi­
lar to the above. Bretherton (13) used the method on the stream function. 
Others using the method were Brenner and Cox (11) and Cox (18). While 
the mathematical works stated above lead one to believe that much is miss­
ing from the drag terms, Maxworthy (50) claims that Oseen's law is prob­
ably as accurate as any of the formulations proposed in the above works. 
He states that the higher order terms add little to the accuracy and do 
not extend the range of applicability sufficiently to really matter. In 
another paper, Maxworthy (51) concludes that rotation greatly alters the 
drag experienced by a sphere. Eichhorn and Small (22), using a dimensional 
analysis approach, propose tne foiiowing function forms for the drag and 
lift coefficients 
Cjj = Cg(Re , r/R, d/D) (27) 
C, (Re , d/D, d/U dU/dy) 
Jb hp 
(28) 
Repetti and Leonard (58) plugged Rubinow and Keller's lift force into an 
empirical blood cell velocity determined by Goldsmith and Mason (51). 
The result was that they could correlate the radial drift of blood cells 
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by a function of 
h(r/R) = 3.04(r/R)^ + 1.58(r/R)^ - 0.5 (29) 
If h(r/R) is positive the drift is in the negative radial direction and 
conversely. They also found an equilibrium position, when h(r/R) is zero, 
at r/R = 0.47. Whitemore (75), working with blood, calculated what he 
termed a dispersive pressure and also an inward force. The ratio of the 
two determined the radial drift. The ratio of inward to outward pressure 
is 
lJu; u _ u. 6 lie y vii/i-î/ 
(1 4- X) (1 4- 0.5X) 
1/3 
where A = 1/(C^/C) -1 and is the ratio of particle diameter to mean free 
dispersion distance, is the relative viscosity and is given by 
"r = 
The works cited above try to determine the forces acting on particles 
causing motions. Some investigators have observed these motions visually 
and just stated their observations. 
Visual studies have been quite popular. Among the first were those 
by Segre and Silberberg (64, 65) in which they concluded that particles 
have zero net drift forces acting on them at a r/R of about 0.6. This 
agrees with others. Jayaweera and Mason (39) did visual studies of rota­
tion and spin of particles in free fall. They used cylinders and cones. 
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Maude and Yearn (49) did a study similar to Segre and Silberberg, but 
with a little different experimental design. 
Other areas of interest have been the entrance region and wall ef­
fects. Jastrzebski (38) did a study on entrance region effects. Brenner 
(9, 10) studied wall effects as did Jones et al. (41). Jones found evi­
dence of a slip velocity at the wall. 
All of the methods above, theoretical or experimental, basically 
looked at the flow of particle suspensions from the particle dynamics 
viewpoint and tended not to relate to a suspension as an entire fluid 
with properties, dependent on the particle dynamics, of its ovjn= It is 
the rheological approach that determines the behavior of a suspension as 
a total fluid. 
A rheological approach is probably more gratifying to work with as 
an approach to the flow of suspensions. The reason is that in particle 
mechanics, as the concentration of particles increases, the ability to 
anaiyticaily solve or extract information decreases greatly. By treating 
a suspension as an entity in itself, the total behavior can be described 
and then later used for prediction in flow problems. Rheology, as a 
science, has certain principles and mathematical tools that one must 
comprehend before a real understanding of rheology can be realized. Some 
general texts devoted to rheology are available (4, 17. 27, 29, 47, 55, 
72)= Simpler concepts can be found in fluid dynamics texts and the 
mathematical background can also be found in standard books concerned 
with vector and tensor algebra and calculus. In the books referred to 
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above, there is very little that is applicable to suspensions besides 
the generalized Newtonian fluid. They do deal in nonlinear theories 
which will describe normal stresses as well as shear stress. They also 
cover fading memory fluids which a simple linear theory cannot describe. 
Probably the concept of a generalized Newtonian fluid given by 
T = n Y (32) 
where n can be a function of T, y, and the thermodynamic state is the 
simplest form available that will fit a suspension. Often n is an empiri­
cal or semi-empirical function which is evolved by fitting data. The 
power law or Ostwald-de Waele model 
T = 1 Y (33) 
is probably one of the most widely used forms since most curves can be 
fitted by an exponential curve with a high degree of accuracy. In this 
case 
n = 1 Y I"  ^  (34) 
can be clearly seen to be a function of y» The concept of the generalized 
Newtonian fluid, power law model, and others similar to it can be found 
stated in fluid mechanics texts and rheology texts such as listed pre­
viously. 
Following along the lines of a generalized Newtonian fluid, a knowl­
edge of n would be most helpful. Einstein (23) indirectly started this 
approach for suspensions. He introduced a viscosity function for 
15 
suspensions which is nothing more than the ratio of n, the apparent 
viscosity of the suspension, to y, the actual viscosity of the suspending 
media. By using energy considerations, he theoretically developed the 
dependence of the viscosity function on volume concentration in a very 
dilute suspension. By very dilute, it is meant that there are no particle 
interactions. Einstein's result 
n/ti = 1 + 2 = 5 ({t (35) 
is good for ({> less than or equal to 0.1; for some cases it is acceptable 
beyond this range. Kappel and Bifêimer (33) illustrate a development that 
leads to a general expression for determining a generalized viscosity. 
The primary result is 
n/y = 14- = E/E^"' (36) 
where E = E* + E^^\ E is the total energy dissipation caused by the 
/ A \  
suspension while is the energy dissipated in the absence of particles; 
therefore, E* is an excess quantity. Now the problem is a matter of find­
ing E", In the case of Einstein's work 
E* = 5/2 /„ d) ®^ ^^ dv (37) 
P 
E" = /„ ^^ ''-'dv (38) 
P 
Xf the particles are unxfonuly distributed, 4^ can be considered a constant 
and the result is equation 35. Others have proposed formulas for the 
viscosity-function. Some of these are empirical, others semi-empirical. 
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Richardson and Zaki (59) used 
n/v = (l-(i>)^  (39) 
where n depends on the particle Reynolds number. Hawkesley (34) proposed 
the semi-empirical form 
Brinkman (15) extended Einstein's work and his result 
"=41 
2 
+ <j)[l-(8/(j>-3)'''''^ ] (41) 
is valid to a slightly higher concentration range. Of the above formulas, 
Richardson and Zaki's has the most flexibility and can be used up to a 
Reynolds number of about 500. An interesting result was that of Simha 
(66). By using the same procedure as Einstein, but with a different set 
of boundary conditions he obtained 
n/y = 1 + 5.5(j) (42) 
This result led to the question as to whether (|) is the only variable to 
effect n, or if the geometry of the system has an influence. 
Concentrated suspensions failed to fit most of the above formulas 
with success. In an attempt to extend the range of usefulness of the 
viscosity function, a power series technique was tried. The form was 
00 
n/vi = 1 + % k. (43) 
i=l 
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Most investigators agreed that = 2.5, but only a few people have tried 
to detemine kg through theoretical means. Vand (74) and Guth and Simha 
(32) did calculate kg, but the values obtained differed by a factor of 
two. Other attempts such as that of Simha (66) used a cell model to de­
termine 




4(1-KX^®) - 25a^(l+a^) + 42a^ (45) 
a is a parameter of the cell model used. Frankel (28), using a cell model 
in conjunction with Einstein's approach obtained 
9 . 
n/y = 8 { rrr } (46) 
1 - («t-zv 
as 1» All of the above proposals fall into the concept of the 
generalized Newtonian fluid. Others have tried to formulate total cons­
titutive equations for suspensions. 
Probably the most concise approach was developed by Ericksen (24, 
25, 26) and later followed up and modified by Kline, Allen, and DeSilva 
(1, 2, 3, 21, 42, 43, 44, 45) working together and separately. Basically 
the method introduces one more set of flow variables, a director system. 
Ericksen did his work with rod-like materials and therefore needed only 
one director—the axis of the rod. The method in regard to a continuum 
asserts that each element of material possesses a substructure, with which 
a moment of inertia and a spin velocity are associated, along with a mass 
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and velocity. Therefore, not only is a Cauchy stress needed but because 
of the substructure, coupled stresses are needed. It is this substructure 
which leads to a set of vectors at each point of the fluid. This set of 
vectors form the directors and form the basis for the strain of orienta­
tion. The equations involved include seven balances, namely 
Dp/Dt = - pV • V (47) 
p DV/Dt = V • _T + pf (48) 
p Da/Dt = V ' ^ 4- p2 - ^  : _T (49) 
The constitutive equations, in functional form, for a fluid with rigid 
directors, are 
£ = £ (%, n, n) (50) 
k = h (%, n, h )  .  (51) 
For a fluid with substructure such that only one director is needed^ the 
constitutive equation can be postulated and contain eighteen scalar coef­
ficients, eight in the Cauchy stress and ten in the coupled stress. Equa­
tions expressing the rate of change of inertia tensor and the relation of 
the director to angular velocity provide the rest of the equations needed 
to complete the system. These are 
D^/Dt = (52) 
Dn/Dt = X n (53) 
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Since 1  is the only tensor that is symmetric the system consists of 
thirty-four unknowns and an equal number of equations. Although this 
system is complete, the complexity of 2 ^-nd tend to make this approach 
more academic than practical in nature. Valanis and Sun (73) used a sim­
ilar approach to study blood flow. They, however, used a formulation for 
jr and ^  using only three coefficients. While the above approach is very 
sophisticated, it lacks practicality because the coefficients involved 
in the constitutive equations can not be readily determined, if they can 
be determined at all. 
The reason determination is difficult can be understood if one looks 
at even the simple case of determining one viscosity coefficient in the 
relation where T is only a function of y. The problem arises in that y 
is not a directly measurable quantity so alternative methods of obtaining 
Y have to be found; this then leads to the whole field of viscometry. 
Much can be found on this field but this survey will only introduce a 
technique developed by Rabinowitsch (57) and modified by Oldroyd (53). 
The technique allows for the calculation of y in a one-dimensional form 
from flow rate data» Much more of the method will be illustrated later 
in the analysis. Hershey and Cho (35) used the method on blood. They 
found a slip layer and an estimate to the thickness of the layer. Oka 
(52) using the method and Gasson's equation 
+ k, (54) 
obtained a solution asserting plastic flow. Others (7, 19, 76) have also 
tried to model a suspension as a Bingham plastic. 
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Through this survey it is hoped that the reader will be able to see 
where this study is similar to but different from the studies listed here. 
This study is more rheological in nature as contrasted to particle mech­
anics. It is an experimental work concerned with the problem from a gen­
eralized fluid viewpoint. It should have been noted that in the viscosity 
function section (j) was the only variable present. This study will look 
at other variables and try to determine their overall effect on the be­
havior of a suspension. 
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EQUIPMENT AND PROCEDURE 
Equipment 
Suspensions 
The suspensions were made up using polystyrene spheres suspended in 
a mixture of glycerine and water. The mixture was adjusted to obtain a 
neutrally buoyant system. Some problems were encountered in this regard 
because the particles were porous, and this led to an entrapment of air 
and therefore complete neutrality was impossible, A water-glycerine mix­
ture having a density of 1.0438 grams per milliliter most closely matched 
the density of the particles. This mixture was approximately 80 per cent 
water and 20 per cent glycerine. Evaporation of water was not found to be 
a problem but as a deterrent all vessels were fitted with covers to pre­
vent convective evaporation. The beads were obtained from Sinclair-
Koppers, Inc. They were sized by using standard screen cuts. Cab-o-sil 
was used to reduce static electricity during screening, which greatly 
hindered separation. The particles were then washed and dried. Two 
sizes were obtained in this way, one with a nominal diameter of 1.30 mil­
limeters and the other with a diameter of 0.774 millimeters. The cuts 
were +18, -16 and +35, -30 mesh respectively. Various suspension con­
centrations were obtained by starting with the most dilute and then add­
ing dry beads and blending them into the mixture. For more concentrated 
suspensions, some clear liquid was also removed. 
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Flow apparatus 
The flow system (Fig. 1) used was the usual for a Poiseuille type 
experiment. Three hard glass tubes, nominal diameter of 16, 8, and 6 
millimeters, were connected in parallel to a constant head feed tank. 
The tubes were fitted with six pressure taps controlled by glass stop­
cocks, located at various distances from the entrance. During trial runs 
two taps on each flow tube were selected for all later runs. On the 
smaller two tubes, the taps were 45.5 centimeters apart, while on the 
larger tube the taps were spaced 136.5 centimeters. The actual inside 
diameters of the flow tubes were determined by two methods. First, a 
known length of tube was filled with mercury, then the mercury was weighed 
and since the density of mercury was known the diameter could be calcu­
lated. The diameters were also checked in a flow situation. Using water 
as the basis, pressure drop versus flow rate data was taken (Fig. 2). By 
knowing the viscosity of water, the diameter could be determined from the 
Foiseulile equation. The values obtained differed by only 2 per cent. 
The inside diameters used were 1.38218, 0.61954, and 0.41692 centimeters. 
The constant head tank was mounted on a laboratory jack* This al­
lowed the flow rate to be varied by adjusting the head, A side scale al­
lowed the tank to be repositioned at approximately the same levels. The 
head tank was fed, allowing a slight overflow, by a larger reservoir. 
Both tanks were made of plexiglas» The exit stream was collected in a 
collection tank and was pumped using a Randolph roller pump and 3/4 inch 
tygon tubing and all tanks were equipped with mixers to insure a homoge­
neous mixture. Flow rates were measured by collecting a sample in a 
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Fig. 2. Flow rate versus pressure drop per length for water in a 
6 mm. glass tube 
The slope of the straight line was used to calculate the 
inside tube diameter from = 128y/nApg m. 
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graduated cylinder and timing the length of the sampling period. 
Pressure measurement apparatus 
Differential pressures were measured by using an all-glass manometer. 
The pressure lines connecting the manometer and the flow tubes were 1/4 
inch tygon, A system of two manifolds was used to allow the differential 
pressure to be measured between any two pressure taps on a flow tube. The 
manometer fluid was a commercial variety sold by King's Indicating Fluids 
and had a specific gravity of 1.2. Since the rest of the lines were 
filled with the water-glycerine mixturej an amplification factor of ap­
proximately five was realized. All the glass tubing was thoroughly 
cleaned prior to filling the system. 
The pressure lines and manifold system were filled with the water-
glycerine mixture by drawing a vacuum in the system from the manifold 
side and then allowing liquid to fill the lines from the large reservoir 
connected to the flow tubes. After the lines and manifolds were filled, 
extra mixture was allowed to flow through the apparatus to dislodge and 
remove any air bubbles trapped in the lines. Any remaining bubbles were 
forced to move into the flow tubes and were removed. The manometer was 
filled with indicating fluid through a stopcock, located at the bottom of 
the U-tube, with a syringe. A syringe fitted with a polyethylene tubing 
distribution fitting allowed the water-glycerine mixture to be fed into 
the upper portions of the manometer and the connecting legs to the 
manifold. 
The procedure above assured a completely liquid-filled system and 
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also prevented the mixing of the indicating fluid and the water-glycerine 
mixture. To check the system, runs were made on the water-glycerine mix­
ture (Fig. 3). 
Procedure 
Suspensions were made up by the simple addition of dry beads to the 
water-glycerine mixture. The suspensions were allowed to age for about 
24 hours; this insured proper wetting of the particles. After the 24 
hour aging, the suspensions were ready for use. The flow was started at 
the highest rate attainable from the equipment and was reduced in pre­
determined steps to a point of no flow. At each flow rate, the differ­
ential pressure between the two taps was measured. Before the pressure 
measurement was taken, a flow rate was measured and a sample of suspension 
was collected at the exit to determine suspension make-up. After the 
pressure measurement, another flow rate measurement was taken as well as 
more samples to be used in determining concentration and scatter index. 
Concentration was determined by weighing the sample of suspension. Then 
the beads were removed, washed, dried, and weighed. Since the suspensions 
were almost neutrally buoyant, the weight fraction was approximately the 
volume fraction. Concentration, as volume per cent, was determined using 
the fcllcwir.g formula 
<!> = weight of beads _ mn 
weight of suspension ^ ' 
Tl\e average diameter and scatter index were determined from the dry beads. 






The beads were sized and each fraction weighed. The following formulas 
were used to determine average diameter and scatter index, respectively 
I W d 
d = (56) 
T 
E W ! d - d I 
o . — (57) 
d W, 
During a particular run d, and (J) were held reasonably constant and 
only flow rate was varied. ({> varied slightly due to entrance effects. 
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ANALYSIS 
From the survey of the literature one observes that many methods are 
available to use in the study of suspensions. From the particle dynamics 
approach of Happel and Brenner (33), and the multiphase flow of Soo (67, 
68, 69), to the rheological studies of Ericksen (24, 25, 26), and Kline, 
De Silva and Allen (1, 2, 3, 21, 42, 43, 44, 45), a wide range of analyti­
cal techniques are presented. Even visual studies have been made, such 
as those by Segrê and Silberberg (64, 65). Since the goal of this study 
is to determine the rheological behavior of certain suspensions, a pro­
cedure that will produce a vicosity coefficient will be used. Tiiis coef­
ficient can be found using integrated variables; as in the case of 
Poiseuille analysis where a viscosity is given by 
By forming the viscosity function of Einstein the following is obtained; 
There are two major disadvantages to the above approach. First, the basic 
equations are derived on the premise of laminar flow and a parabolic 
velocity profile. The limitation of a parabolic flow could be relaxed by 
the use of a suitable coefficient relating the measured velocity profile 
CO the average velocity. The second disadvantage is that the r, of equa­
tion 58 is not necessarily the coefficient relating c and y and therefore 
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would have to be used only in the defining equations as given. One method, 
that of Rabinowitsch (57), eliminates both of the above limitations and 
allows for the determination of n from t and y Before this method is 
discussed in detail, the significant variables should be chosen. 
One method of determining the variables of interest and how they 
might be grouped in dimensionless form is to examine the equations that 
govern the system. The equation for each particle could be written in 
this form 
(n/6)p^d^ m j / D t  =(n/6)d^ (p -p) + 3n^d(U-V) -(n/6)d^ dp/dz + (60) 
where F_ represents forces introduced by the interactions of the particle 
with other particles and walls. One might justify the inclusion of sur­
face tension forces in this term. For the fluid the equivalent conserva­
tion equation is 
p DV/Dt = - dp/dz + V + F (61) 
where F is the body force term. If the suspension is treated as a total 
entity, the following equation can be proposed 
Pg Dw/Dt = - dpg/dz + nv^ w + Fg (62) 
Since equation 62 represents the total suspension; it i? in essence a 
combination of equations 60 and 61. Therefore, the equations 60^ 61, and 
62 are not independent. Examining equations 60 and 62, the following 
dimensionless groups can be realized: 
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1. n/y 4. gD/v^ 7. 
2. d/D 5. p/pp 8. a/V^pd 
3. pVD/y 6. (f) 
Terms 6 and 7 are realized by using equation 60 for every particle so that 
(J> is essentially a measure of the number of equations of type 60 used. 
Also, since d of equation 60 need not be the same for all particles, size 
distribution is introduced by the inclusion of Group 8, the Weber 
number, is justified by the probable effect of surface tension as included 
in the interaction term of equation 60. 
A more formal way of dimensional analysis can be done by the Bucking­
ham Pi-Theorem which is illustrated in most standard fluid dynamics or 
mechanics texts (8, 30, 37). First, it is proposed that n is a function 
of several variables, such as; 
n = f(y, d, D, V, p^, p, g, o, 4», Oj) (63) 
Here V represents a characteristic velocity which could be particle velo­
city, fluid velocity, or average suspension velocity, note that pg is not 
included as it is a combination of p and p . The Pi-Theorem states that 
P 
with eleven variables and three dimensions there will exist eight inde­
pendent dimensionless groups. Since <|) and are already dimensionless 
only six more need to be determined. The dimensional matrix for the 
system is 
T r .  M  "  -  *  
a n 
y d D V P 
^f g 
a  <P 0 
L -1 1 1 1 1 -3 -3 1 0  0 0 
M 1 1 0 0 0 1 1 0 1 0 0 
T -1 -1 0 0 -1 0 0 -2 -2 0 0 
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By inspection five groups are quickly produced; 
1. n/y 4. (j) 
2. d/D 5. Oj 
3. p/p_ 
With a little more insight, the other three groups can be obtained by 
inspection and are found to be 
Ô. pVD/y 7. V^/gD 8. V^pd/a 
A formal solution of the equations will also lead to the same groups. The 
function described in aquation 63 now becomes 
n/y = F(d/D, Oj, (j), Re, p/p^. We, Fr) (64) 
In this study P/Pp will be eliminated due to the use of an almost neutral­
ly buoyant system. The Froude number is generally considered in open-
channel flow and therefore will not be treated. Also, surface tension 
of the system will not be altered and therefore the Weber number will not 
be included in the final form which now becomes 
Tl/p » F(d/D, ({), Re) (65) 
Tlie problem now becomes owe of getting n and determining the function 
described of equation 65. One method of obtaining, n, roiseuille's 
equation; was mentioned earlier in this section. However, since some 
limitations existed, the Rabinowitsch method (57) will be used. 
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The Rabinowitsch method eliminates both of the limitations mentioned 
earlier. Since it uses only the mathematical definition of flow rate, 
there is no restriction on the velocity profile. Also, by suitable math­
ematical treatment pressure drop and flow rate are converted into shear 
stress and velocity gradient. This allows for the direct calculation of 
T) as the true coefficient of T and y» as proposed earlier. 
The method was developed by Rabinowitsch for a constant diameter tube 
with flow rate being varied and pressure drop being measured. A modifi­
cation of the original development will be presented. The modification 
allows for a constant flow rate situation. Oldroyd's (53) modification 
will also be described= The basis of the method is the following equation 
Q = f(Tg^ R) (66) 
along with the definition of flow rate 
0 = 2n V ( t )  r  dr ( 6 7 )  
- o -
The only restrictions that must be placed on the analysis are that the 
function described by equation 66 be single-valued and that the fluid 
velocity adjacent to a wall is that of the wall, that is no "slip" exists. 
The restriction of a single-valued function requires that 
Y = F(T) (68) 





The partial derivatives of equation 69 can be calculated from equation 67 
after some modification. If equation 67 is integrated by parts, the fol­
lowing is obtained 
Q = IIV(r)r^ Ig - n ^ r^dr (70) 
The second term of equation 70 vanishes if V(R) = 0, which is the usual 
restriction placed on the flui4 velocity relative to the wall. The third 
term of equation 70 can be transformed by using 
T = 7p r/R = y ^ (71) 
which is the result of a force balance on an element of fluid. Making 
the transform, equation 70 now becomes 
3 
Q y(T) dt (72) 
O 
The partial derivatives in equation 69 can now be evaluated by usiiag 
Leibnitz's rule. They are 
# I (73) 
and 
= 3Q/R (74) 
SR 
^R 
Substituting equations 73 and 74 into equation 69 the following is ob­
tained 
3 
dQ = - {5^— Y(R) + DXP + ^  dR (75) 
""R \ ^ ^ 
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From equation 75 it can be seen that three possible situations can be 
examined; constant constant Q, and constant R. The constant case 
leads to no useful result in regard to finding a relation between y and 
T since with T fixed y is also fixed. Therefore, this case will not be 
considered. 
The case of constant Q lends itself to a series flow arrangement 
with pipes of different diameters. With the restriction of constant Q, 
equation 75 becomes, when solved for y(R) 
- y(5.) =• ^  {3/4 - 3/4 . (76) 
IIR" R 
Equation 76 can be used to calculate y(R) which can then be related to 
Tg^. Scheve et al. (63) used this method to test a "pipe" viscometer 
and describe the apparatus needed. 
In this work, the constant R approach was used. For this case equa­
tion 75s when solved for y(R); becomes 
- y(R) = {3/4 + 1/4 (77) 
HR R 
A slight modification to Rabinowitsch's techniques was proposed by 
Oldroyd (53) and includes the possibility of a slip layer adjacent to the 
wall* The modification is made to equation 68 and is 
y = F(T) + G(T, y) (78) 
where G(T, y) « 0 for y < e. y is the distance from the tube wall and e 
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is the thickness of the slip layer. By integrating equation 78 twice, 
the following is obtained 
0 ^ (V 
3 " + 5(V (79) 
where 
G(Tn) = —T T F(T)dT (80) 




5(t^ ) -=^  y)dy (81) 
The assumption that e is small has been made, and therefore in equation 81 
GCXG^, y) replaces G(T, y). Another way of stating the assumption is that 
near the wall, within the thickness of e, T is essentially constant and 
equal to T„. 5(T„) is called the effective slip coefficient. S(TJJ) is 
called the effective slip velocity. For ™ G squaLioii 79 reduces to 
3 
equation 72. A plot of Q/R versus with pipe diameter as a parameter 
is used to see if Ç(T„) equals aero. If a unique line is obtained for 
each diameter G(Tg) is not equal to zero and if all lines coincide g(Tg) 
is zero and equation 72 can be used. If C(Tjj^) is not zero, g(T^) and 
C(T_) can be determined from a plot of Q/IIR versus 1/S. which should be 
linear = From a knowledge of Ç(tq). F(T) can be calculated. Usually the 
behavior of the suspending media is known and therefore G(x,y) is known. 
By knowing G(Tg^,y) and g(Tg) the integration in equation 81 can be carried 
out and an estimate of e obtained. 
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The method used in this study is based on equation 77 which is re­
peated here. 
From the measurement of pressure drop per length, is calculated by 
where Ap is the difference in densities of the indicating manometer fluid 
and the water-glycerine mixture. 0 is measured directly, A plot of In Q 
versus In was made and slopes at various points were taken graphically. 
Y(R), for a given was then calculated using equation 77. 
ri of equation 65 can be determined from plots of T versus y and then 
related to the variables. 
The results of this study as presented in the next section illustrate 
the effects of the variables given by equation 65 on n as obtained by 
T •= HY • (83) 
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RESULTS AND DISCUSSION 
The primary goal of this study was to determine the effects of <j), 
d/D, and o^, as defined and described in earlier sections, on the flow 
behavior of suspensions of polystyrene spheres in a mixture of water and 
glycerine. The criterion of flow behavior for this study was the func­
tional relationship between T, shear stress, and y» rate of shearing 
strain as illustrated by 
T = fCy) (84) 
From this viei-j then, the goal of the study became finding the effect of 
(i>, d/D, and on the function f. In order to do this an appropriate 
model had to be obtained. After looking at various models, the Herschel-
Bulkley model (16) was selected as the most suitable model. The Herschel-
Bulkley model 
I y  ^y (85) 
is in essence a simple combination of the plastic and power law models. 
With this model as a basis, the results of this study are tabulated in 
Tables 1, 2, and 3, and show the dependence of K^, and n respectively 
on the variables mentioned above. Table 4 is a composite of Tables 1, 2, 
and 3. 
An interesting sidelight before the actual discussion of the primary 
results is the relation between (|> and d/D and the flow or no-flow condi­
tions in the apparatus. The maximum concentration of spheres in any 
volume would correspond to the two forms of closest packing, hexagonal 
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or cubic. In either case, the maximum volume occupied by the spheres is 
71 per cent (<j)^ = 71). If a simple cubic packing was used, ij)^ would be 
52. Of course, both these numbers are obtained by using spheres of the 
same size and therefore would have little relevance to a suspension with 
a wide size spectrum. The maximum packing arrangements would allow lit­
tle, if any, flow for a suspension of single size spheres and therefore, 
the maximum volume concentration for flow would have to be about 52 per 
cent. However, since the suspensions used in this study had some distri­
bution, a probably estimate of the upper limit would be a # of 60. Fig. 4 
shows regions of flow and no-flow for this study for the various tubes 
and bead sizes used. In these figures. 6 is plotted against tube diameter 
and a point corresponding to the most concentrated suspension that would 
flow through the tube is plotted. A more composite picture can be obtained 
from Fig. 5 on which é is plotted against d/D. The points are identified 
both as to tube and bead size and again represent the most concentrated 
suspensions that flowed. A straight line can be drawn through the upper 
most points. The equation of the line is 
(j) - - 162 d/D + 55 (86) 
Below this line or on this line flow should occur for any combination of 
A and d/D provided other factors such as aggregation of the beads and 
physical irregularities in the flow tube ara not significant. It should 
be noticed that the dividing line intersects the <}> scale at the figure 
corresponding to simple-cubic packing. Also, it should be noted that for 
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the 0.774 mm beads the anticipated maximum was not reached. This can be 
explained in part due to the formation of aggregates of particles due to 
the high surface area to volume ratio of the 0.774 mm beads. Visual ob­
servations confirmed the presence of aggregates but a size determination 
could not be made. The other beads tended to aggregate to a lesser ex­
tent but the aggregates were physically broken down by the flow tubes 
because of the higher d/D ratios. In any event. Fig. 5 can be used as 
an estimate of the conditions for flow of suspensions. No flow will oc­
cur above a d/D of 0.35. This statement is in regard to a normal flow 
situation and would not include the case for d/D > 0.5 for which beads 
would have to flow in single file^ 
With the regions of flow now defined, the primary results will be 
discussed. First, a brief explanation of how the numbers in the tables 
were obtained will be offered. A sample set of plots leading to these 
numbers is included in Appendix I. All the processed data is included in 
Appendix II. The raw data of Q and Ah/L were transformed to Y(R) and 
as described in the analysis. From the cartesian plot of versus Y(R)» 
was obtained by extrapolating the fitted curve to y(&) =0. An esti­
mate of could also have been obtained from plots of the raw data by 
obtaining Ah/L at Q = 0 and transforming to x^. Once was known a log 
plot of versus y yielded the power law coeffiuieriî;s and u. More 
will be said about the selection of the model later. Each of these psram= 
eters was then plotted against 6 for a fixed d/D ratio, A curve was 
then visually fit to each of the plots and from this the tables were 
constructed. 
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The Herschel-Bulkley model was selected as a consequence of the plots 
used in the Rabinowitsch method. In this method, the derivative of In Q 
with respect no In is needed. A plot of In Q versus In yielded an 
essentially straight line with some deviation at values corresponding to 
small T„. However, since most of the plot was linear, some form of the 
K. 
power law or a model containing the power law was indicated. Also, since 
the power law is quite simple and much engineering work has been done 
using the power law, it was decided to pursue a basic relation containing 
the power law. Since the raw data indicated the presence of a yield 
stress, the Herschel-Bulkley model was selected as a candidate. A linear 
least squares fit of the ln(T™T^) and In y proved to be quite good. On 
runs where sufficient data points were obtained to provide a good statis­
tical sample, the visual fit was varified quite well to the 95 per cent 
confidence level. 
Another model, the Ellis model, was also examined. The model is 
- Y " (5^ + 5^ I r (87) 
and can be found in most fluid mechanics texts (4^ 6* 7, 16^ 29)= This 
model is generally used for data which produce a flattened T versus y 
plot at low stresses. Since insufficient data were available at the low 
stresses dus to the irregularities in the flow, such as settling and 
jainming, at lo% flow rates, it was ruled out in favor of the Herschel-
Bulkley model which fit the data. One might look at the Ellis model and 
discard it immediately on the grounds that it does not provide for a 
yield stress. However, it can be modified to account for this by simply 
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substituting for x. Since the fit provided by the Herschel-Bulkley 
model and its flexibility in fitting the various plots were quite good, 
it was selected as a suitable model. 
Now in light of the Herschel-Bulkley model the tables can be examined. 
The numbers obtained from the plots of T , K , and n versus (j) for a fixed 
o o 
d/D are included in the tables only up to a # that approximates the maxi­
mum (j) obtained in this study for the particular d/D. An estimate of 
these parameters beyond the values in the table should be viewed with 
caution and at most should only be extrapolated to the maximum provided 
in Fig, 5. AlsOj the range of v for each tube is a necessary condition 
of application of these results, for D = 1.38218 cm, the range of y was 
150 sec ^ to 30 sec ^ while for the other two tubes, D = 0.61954 cm. and 
D = 0.41692 em., the ranges were 240 sec ^ to 50 sec ^ and 280 sec ^ to 
50 sec respectively. 
Since the values for were obtained by extrapolating the processed 
data to a shear rate of zero, and in many cases the extrapolation was 
made over a relatively large interval, the discussion about x^ will be 
mainly qualitative. From Table 1, the general patterns of behavior of 
in relation to 6. d/D. and can be seen. x_ definitely increases for 
increasing concentration for d/D less than 0.21 and for = 0. For (j) of 
5 per cent or less, x^ Is essentially zero, but continues to increase 
until it does become significant in the mid-concentration ranges ox 15 to 
20 per eeat. For the suspensions described above^ decreases as d/D 
increases, but this result can be questioned due to the aggregation of 
the 0.774 mm beads which comprise d/D « 0.056 and 0.125. 
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For suspensions with large d/D's or with ^ 0, decreases with 
an increase in <J). Also, for suspensions with ^ 0 the magnitude of 
is greater than for a suspension with comparable d/D and = 0. A pos­
sible explanation for the higher in mixtures might be the packing ef­
fect. At low flow rates where the particles settling would become im­
portant the mixture could compact much more densely than a nonmixture 
and would therefore require a greater force to disperse them. An insight 
as to why will decrease as increases for large d/D suspensions might 
also be obtained from settling possibilities. As settling would occur 
due to low flow rates in large d/D suspensions, the physical size of the 
bead as eoî»par«d to the tube would not allow even a single bead to daviats 
much from the main stream velocity and would therefore have a tendency 
to stay in suspension: As wQuld be increased the tendency of the last 
settling particles to stay in the main stream is increased, and motions 
would cause internal turbulence that would then pickup the earlier set­
tling beads. Another explanation for the behavior and existence of 
can be given in terras of crowding or jamming. At all flow rates, the 
beads have a tendency to interchange positions and must pass one another. 
This interchange is more pronounced in mixtures. At high flow rates the 
beads have enough momentum to prevent any jamming as the beads try to 
pass one another. At low flow rates this is not the case and an artifi­
cial crowding results which calls for an increase in pressure to produce 
flew and thuj is reflected in T . 
o 
Focusing atrention on Tables 2 and 3, the effects of (j), d/D, and 
0.  on K and t can oe seen. It is probably best to discuss these two 
0. o 
Table 1. Hffecl: of suspension variables on 
d D o d/D 5 10 15 20 25 30 35 
(mm) (mm) ' 'h voliame per cent 
.774 16 0 .056 0.02:5 0.1 0.25 0.55 1.13 
1.3 16 0 .094 0.04 0.06 0.12 0.24 0.38 0.66 0.88 
.774 8 0 .125 0.02 0.05 0.10 0.175 0.28 0.42 
.774 6 0 ,186 0.035 0.17 0.30 
1.3 8 0 . 210 0.35 0.30 0.19 0.0 -0.18 
1.3 6 0 .312 0.0 
1.048 16 0.251 .076 1.50 1.38 1.22 1.04 0.82 0.54 
1.048 8 0.251 .169 1.04 0.525 0 -0.52 
1.048 6 0.251 .251 0.0 0.0 
Table 2. iEffect of suspension variables on 
d D a d/D 5 10 15 20 25 30 35 
(mm) (mm) 4>, volume per cent 
.774 16 0 .056 0.0008 0.0013 0.0019 0.0024 0.003 
1.3 16 0 .094 0.001 0.0014 0.0023 0.0036 0.0055 0.0082 0.0106 
.774 a 0 .125 0.005 0.0086 0.0128 0.018 0.0234 0.0288 
.774 6 0 J.86 0.0052 0.0029 0.0006 
1.3 3 0 .210 0.0074 0.0056 0.0039 0.0021 0.0004 
1.3 6 0 .312 0.0212 
1.048 16 0.251 .076 0.0005 0.0015 0.0026 0.004 0.0065 0.01 
1.048 8 0.251 .169 =0 0.0445 0.088 0.132 
1.048 6 0.251 .251 G.925 0.41 
Table 3. Effect oi: suspension variables on n 
d D a d/D 5 10 15 20 25 30 35 
(mm) (mm) 4', volume per cent 
.774 16 0 .056 1,76 1.74 1.73 1.65 1.51 
1.3 16 0 .094 1.72 1.65 1.59 1.52 1.45 1.38 1.31 
.774 8 0 .125 1.25 1.2 1.185 1.15 1.13 1.13 
.774 6 0 .186 1.19 1.34 1.48 
1.3 8 0 .210 1.78 1.59 1.405 1.22 1.035 
1.3 6 0 .312 0.075 
1.048 16 0.251 .076 2.38 2.11 1.84 1.56 1.29 1.02 
1.048 8 0.251 .169 1.66 1.34 1.025 0.71 
1.048 6 0.251 .251 0.49 1.12 
Table 4. Composite of variable effects on and n 
d D 0. d/D 5 10 15 20 25 30 35 
(mm) (mm) d . K volume per cent ! 
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1.048 16 0.251 ,076 1.50 1.38 1.22 1.04 0.82 0.54 T 
0.0005 0.0015 0.0026 0.004 0.0065 0.01 K° 
2.38 2.11 1.84 1.56 1.29 1.02 n 



























parameters together, as they are so interrelated. For d/D less than and 
equal to 0.169, no matter what is, the general trend for is to in­
crease for increasing ({> while n will decrease. The decrease in n for 
suspensions with d/D less than 0.169 and = 0 is approximately 10 to 20 
per cent over the full concentration range for any fixed d/D. The varia­
tion in is much greater and can vary as much as ten fold. The mixed 
suspensions have a higher n value than a comparable suspension with = 0, 
and the change in n is not only greater but also the rate of change is 
much faster as (j) is increased. Both of these effects can be seen by com­
paring d/D = 0.055 and 0.076 from Table 3. It is quite natural to expect 
to increase with an. increase in. 4*, but for r. to decrease at the same 
time would probably not be expected. One possible view might be a crowd­
ing phenomena. As the concentration increases, the motion of the particles 
is restricted and a pseudo-plug flow situation develops. The decrease in 
motion of the particles would tend to decrease the momentum transfer in­
crease due to an increase in flow rate or, in other words, the effect of 
Y would be lessened and would be reflected in a decrease in n. Even at 
low y's n should not be expected to approach one as is the esse of Ein­
stein's relation since the d/D is much too large to neglect interactions. 
The results of this study could be refined by a modification of both 
the méasufiiig systesi and the experimental setup» / It is felt that since 
the pressure drops were small, better resolution could be obtained by 
using low pressure transducers instead of manometers. The use of the 
transducers would also eliminate the water-glycerine and manometer fluid 
interface which was a source of some difficulties due to the solubility 
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of the glycerine in the manometer fluid. This solubility altered the 
surface tension at the interface and led to an often obscure interface. 
Flow measurement was not a great problem, but a modification in the flow 
apparatus would enhance accuracy and reproducibility. A large scale in­
fusion pump could be used to meter the fluid and thus there would be a 
direct relation between volume flow rate and screw speed. Other modifi­
cations will be given in detail in the recommendations. 
Another factor that might have had an effect on the results was 
temperature variation. The fluid temperature in the large reservoir was 
checked during the runs and maintained itself at 23° C within a half a 
degree* The room temperature vas about 20° C. So other check of tempera­
ture was made and there was no provision made for temperature control in 
the flow apparatusr Therefore; it is possible that some temperature vari­
ation did occur during flow and since both water and glycerine's viscosity 
are dependent on temperature there might be variations in the flow behavior 
of the suspensions. Howeverj since the reservoir temperature remained 
fairly constant and the feed for the flow tubes was from there, the 
temperature effect was not cumulative. Therefore, it is felt that tem­
perature variation was not a significant factor. 
57 
CONCLUSIONS 
1. It is concluded from this study that an experimental design as de­
scribed in earlier sections can be used to obtain adequate results, but 
by certain modifications these results could be refined. 
2. Further, it is concluded that the linear relation 
(J) <_ - 162 d/D + 55 
provides a good first estimate of the relation between the volume fraction, 
(j), and the diameter ratio, d/D, necessary to permit the flow of suspen­
sions in straight round tubes. 
3. The shear dependent behavior of suspensions of rigid polystyrene 
beads in a water-glycerine mixture has also been characterized by the 
Herschei-Bulkley model given by 
X - Tq = I Y Y 
In light of this model, the suspensions exhibit varying degrees of shear 
thickening and plastic behavior as illustrated by the effects of d/D, 
and o^, a size distribution index, on the three parameters of the model. 
4. It can also be concluded that the shear thickening, as indexed by the 
parameter n, decreased as the volume concentration, increased^ A probable 
explanation for this behavior is the restriction of particle motion 
caused by physical crowding. 
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5. Also, from this study it is concluded that the parameter increases 
as either d/D increases for a fixed # or as ^ increases for a fixed d/D. 
6. T increased for increases in é for a, = 0 and for the smaller d/D 
o d 
ratios, but decreased for all mixtures and larger d/D ratios d/D, other 
than the point at which stopped increasing for increasing <j), did not 
have much effect on for a fixed <j). 
7. It is also concluded from this study and from previous studies cited 
in the literature survey that, on the basis of methods of experimentation 
anCf anslysxs, there exists chree c^xsccrnxoxo ranges ox ci/D« These are 
d/D < 0.01, a continuum range 
0.01 < d/D < 0.1, an intermediate range 
d/D > 0.1, a particle mechanics range. 
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RECOMMENDATIONS 
It is recommended that further work be done in the area of the flow 
properties of suspensions# However, the future work should be more re­
strictive in the areas covered than was this project. It is suggested 
that the future work be done in three parts. First, experimentation to 
determine the full effect of concentration on flow behavior should be 
undertaken. It is suggested that both laminar and turbulent regions be 
examined and that data be taken in three distinct d/D ranges. The d/D 
ranges are: d/D < 0.01 an area where continuum mechanics should apply. 
0.01 < d/d < 0.1 an intermediate area of both continuum and particle 
mechanics and d/d > 0.1, an area of particle mechanics. 
Secondly, a study to determine the critical points, if any, for d/D 
should be made. Experimentally, this could be accomplished for a low, 
medium, and high concentration suspension by changing tube sizes to alter 
the rt/D ratio. 
Thirdly, the effect of size distribution on the flow behavior of 
suspensions should be made. 
In order to facilitate such studies, a few modifications to the 
apparatus used in this study are recommended^ Instead of using a con­
stant head tank to adjust flow rate, it is suggested that a calibrated 
variable-speed infusion pump be used. This would provide for a positive-
displacement pump that would not physically alter the size or shape of 
the rigid particles and would also provide a more accurate measure of flow 
rate. 
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The flow tubes should be modified. It is suggested that only two 
taps for pressure determination be placed in the tubes. This would pre­
vent any physical disturbances caused by the pressure taps proceeding the 
test section. It is also suggested that in multiple tube runs that a 
series arrangement be used and thus provide the same concentration to all 
flow tubes. Also it is suggested that thermocouples be incorporated into 
pressure taps to allow for the determination of any temperature differences 
so that corrections could be made if necessary. 
Besides the inclusion of the infusion pump to ease the determination 
of flow race, it is recommended that low range pressure transducers be 
used instead of. liquid-filled manometers. Accuracy will be greatly en­
hanced by the transducers due to the elimination of the glycerine solu­
bility in the manometer fluid at the interface. 
With the modifications described above in both equipment and areas 
of investigation it would be possible to apply these techniques to similar 
studies on blood in order to characterize the behavior of rheoiogical 
blood in extra-corporeal circuits. 
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APPENDIX I 
This appendix contains a sample of the graphs used in this study 
along with a brief description of the purpose of certain graphs. The 
graphs used are 
Fig. 6. Experimental Data 
Fig. 7. Stress-Strain Relation 
Fig. 8. In Q versus In 
Fig. 9. Rheological Diagram of Suspension, T versus Y 
Fig. 10. In ("Tp-T^) versus In y(R) 
Fig. 11. YLold Stresses 
Fig. 12. Value of K as a Function of Concentration 
o 
Fig. 13. Value of n as a Function of Concentration 
It should be noted that for each point on Fig. 11 through 13 a full set 
of Fig. 6 through 10 were used. The sample set is for point 5. 
The sample plots are for run 5 in the 16 mm tube for which d/D = 
0.94, (J) = 3.76, and = 0. All calculations were made on a PPD/8 
minicomputer using 8K Focal. 
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Fig, 7. Stress-strain relation 
Plot was used to determine if slip is present 
and to obtain an estimate of rheological behavior. 
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Fig. 8. In Q versus In 
From the plot, slopes were determined 
graphically and used in Rabinowitsch's 
equation to calculate Y(R-)* Plot also 
indicated a possible power law fit. 
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Fig. 9. Rheologicaï diagram of suspension, i: versus y 
Tlie curve was extrapolated to y (E) = 0 to 
obtain the yield stress, . 
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Fig. 10. InXt^-T^) versus In Y(S-) 
The power law parameters of and n 
were obtained from the intercept and 











A .5 .6 .7.8.9 î 4 5 6 7 8 9 10 1.5 2 2.5 3 
2 
- Tq), dyrw/cm 
Fig. 11. Yield stresses 
Point 5 on this figure was obtained 
from the intercept of Fig. 9. 
80 
\uo/s9uAp 
Fig. 12. Values of ass a function of concentration 
Poinl: 5 on this: figure was obtained from 
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Fig, 13. VaJ.u^is of n as a function of concentration 
Point. 5 on this figure was obtained from 
the slope of Fig. 10. 
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APPENDIX II 
Table 5 lists shear stress, T, against rate of shear strain, y» for 
the various suspensions and flow tubes, T and y are transformed data ob­
tained from Ah/L and Q, respectively, by the method of Rabinowitsch. The 
variables listed in the headings for each entry are the run numbers, 
diameter ratio, d/D, and volume per cent of beads, <f), on the top line and 
particle size in mm., d, nominal tube size in mm., B, and size distribu­
tion index, a^. The nominal tube sizes of 16, 8, and 6 mm. correspond to 
inside diameters of 13.8218, 6=1954 and 4=1692 mm», respectively» The 
first entry of a group of entries that have the same d/D, d, D, and o^ 
has a fulling heading in the following form 
Run no. d/D (j) 
d D 
Successive entries of the same group have partial headings listing only 
the run number and concentration in the following form 
Run no. ^ 
Table 5. Processed data3 T versus Y 
5 0.94 3.76 6 14. 69 7 19.26 8 22.23 
i.3 16 0 
"R 
Y(R) tR Y(R> tR Y(R) "^R Y(R) 
9.00 190.84 5.54 137.18 4.74 124.082 5.77 131.134 
8.20 166.55 4.43 121.22 3.79 108.26 4.94 119.82 
6.20 152.67 3.48 105.78 2.92 92.38 4.03 104.89 
5.50 142.26 2.53 88.61 1.74 64.20 3.24 85.79 
3.00 98.89 1.74 69.92 1.186 47.98 2.29 67.879 
2.10 29.81 1.03 47.10 0.945 40.03 1,58 49.05 
1.72 71.58 0.71 30.558 1.18 36.18 
1.32 59.95 
0.70 33.29 
9 31.27 10 0 .056 4.78 11 16.1 12 23.97 
0.774 16 0 
R 
Y(R) RCR) T Y T Y 
7.43 101.96 4.51 148.132 6.56 129.79 5.69 122.24 
6.24 93.00 3.72 1:15.19 5.38 118.17 4.90 111.22 
5.06 80.55 2.93 1:10,79 5.14 104.32 3.40 95.42 
4.11 67.97 1.19 69.61 3.95 89.27 3.16 84.36 
3.24 52.54 0.79 %4.96 2.37 77.38 2.93 64.60 
1.90 34.58 1.42 51.92 
0.949 31.96 
Table 5. (Continued) 
13 0 .055 23.89 14 0 .076 39.7 15 31.63 16 22.6 
0.774 16 0 1.048 16 0.25 
"R Y(R) "R Y(R) TR Y(R) TR Y(R) 
11.15 91.19 11.71 71.34 12,86 131.63 7.36 163.60 
8.94 69.76 10.04 52.00 9.25 120.24 6.72 149.53 
7.04 49.76 7.91 .33.81 8.70 105.28 5.77 138.82 
5.54 35.32 4.75 16.32 7.75 92.76 5.20 121.89 
3.95 25.94 3.56 9.54 6.33 73.05 4.43 105.45 
2.79 11.77 2.85 6.93 5.30 53.26 3.87 89.85 
4.67 43.00 3.24 62.56 
3.64 30.95 2.37 46.45 
17 14.61 5 0 .21 3.06 6 12.92 7 0.210 13.5 
1.3 8 0 1.3 8 0 
"R Y(R) ^R 7(R) "^ R Y(R) "R Y(R) 
7.20 140.47 8.51 3;Î7.57 9.2 283.72 9.80 268.77 
5.10 124.93 7.44 298.71 2.0 231.03 6.80 204.49 
3.90 108.89 6.59 268.06 5.2 182.39 5.50 181.82 
3.26 94.41 5.32 245.38 4.2 154.02 4.50 158.10 
2.80 76.56 4.29 201.10 2.44 100.11 3.50 133.60 
2.35 62.84 3.62 173.98 2.05 89.82 2.10 94.86 
2.87 125.81 1.66 75.43 1.75 84.92 














Table 5. (Con1:lnuecl) 
8 16.3 9 %2.64 10 0. 125 2.38 11 6.45 
0.774 8 0 
T Y T Y T Y T Y 
4.68 153.52 6.38 145.58 5.53 253.45 5.85 241.08 
3.40 129.46 5.32 137.84 4.04 230.17 5.32 220.97 
2.55 108.10 4.89 127.68 3.83 208.08 4.68 196.25 
2.13 83.06 4.25 107,89 2.98 186.02 4.04 169.72 
1.28 64.94 3.40 90.42 2.44 154.20 3.40 143.28 
0.85 41.80 2.55 71.70 1.91 123.89 2.66 110.92 
1.06 33.23 1.38 94.60 1.20 81.17 
0.90 62.81 1.28 53.60 
0.74 35.17 
12 14.68 13 14 29.32 15 0. 169 27.78 16 0.169 19.21 
1.048 8 .25 1.048 8 .25 
T Y T Y T Y T Y 
7.00 129.95 7.44 70,35 5.95 89.78 6.80 206.47 
6.00 156.51 6.06 59.19 5.10 76.32 6.20 189.62 
4.70 125.55 5.42 47.91 5.32 74.21 5.60 172.76 
4.00 108.81 3.72 41.05 4.47 55.03 4.60 143.26 
3.00 83.70 3.51 49.54 3.80 120.09 
2.35 66,96 2.44 37.46 3.10 99.02 
1.75 52.34 1.59 23.92 2.16 89.09 
1.50 44.57 1.95 65.66 
1.37 44.37 1.70 57.12 
1.25 42.24 1.50 48.06 
1.35 45.76 
Table 5. (Continued) 
17 13.15 4 0.312 2.71 5 0. 186 2.19 6 4.39 
1.3 6 0 0.774 6 0 
T Y T Y T Y T Y 
8.00 203.90 5.79 304.97 5.15 290.32 5.08 271.46 
5.50 174.79 5.22 279.03 4.29 263.85 4.29 244.67 
4.?.0 154.40 4.65 244.41 3.79 232.29 3.58 216.45 
3.00 129.50 3.79 211.26 3.29 201.57 3.36 180.71 
2.60 116.73 3.36 186.86 2.51 169.22 2.58 152.05 
2.10 87.55 2.58 1/3.92 1.93 130.08 2.08 117.77 
1.25 63.95 2.00 106.23 1.29 92.19 1.43 90.10 
1.50 45.87 1.36 73.19 0.93 65.54 1.00 62.59 
0.64 32.09 0.50 42.40 0.57 44.08 
7 5.57 8 8.48 9 0. 251 18.82 10 11.99 
1.048 6 .25 
T Y T Y T Y T Y 
7.0 208.55 3.865 217.95 8.00 190.54 4.01 254.87 
5.80 196.83 3.006 187.73 5.90 158.78 3.65 221.19 
3.25 167.88 2.43 162.15 4.80 139.73 3.43 192.58 
2.95 162.09 1.93 1%4.78 3.00 104.16 2.86 158.61 
2.15 147.04 1.29 88.83 2.00 81.30 2.59 123.69 
1.54 134.93 1.35 63.51 2.15 99.43 
1.20 125.369 1.00 52.71 1.57 66.77 
1.00 118.94 0.80 45.73 1.074 42.45 
0.72 104.53 0.44 31.76 
0.57 92.58 0.21 19.69 
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APPENDIX III 
The following is a list of the suppliers of equipment. 
1. Manometer fluid - King's #120 green 
King Engineering Corp. 
Ann Arbor, Mich. 




3. Roller Pump - Randolph Model #16 
Randolph Corp. 
HouStcn, Tcxas 
4. Cab-o-sil - pyrogenic silica 
Cabot Corp. 
Boston, Mass. 
